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Waves in a perfectly conducting elastic medium are considered in two 
cases: 1),at the free surface of a medium occupying an infinite half- 
space and located in a homogeneous constant magnetic field; 2) at 
the interface of two media one of which is located in a magnetic field. 
At a certain relative velocity instability develops. A similar problem 
was investigated in [1] for zero magnetic field and a critical velocity 
was obtained, This paper examines the instability due to vibrations 
propagating at right angles to the magnetic field. 

The equation d e s c r i b i n g  the propagat ion  of sma l l  
de format ions  of a per fec t ly  conduct ing e las t ic  body in 
a homogeneous cons tan t  magne t ic  field H has the fo rm 

Pu~ ar[~ (1) 

H~.= ~i~,: ._u __~ [(He6~__ 2HiH~) divu -}- 

+ (HV) (H~u~ + H~,~ - -  6~ (Hu))], (2) 

8u. Ou~: \ 

H = {H~, H, ,  Hz}, 

H~=:const ( i=x ,y ,z ) .  (3) 

Here,  p i s t h e  dens i ty  of the medium~u t h e d i s p l a c e -  
rnent  vector ,  G, k Lain6 coeff ic ients ,  and p the p e r m e -  
abi l i ty  of the medium.  

In the case  of p lane  deformat ion  in  a t r a n s v e r s e  m a g -  
net ic  field, when Uy = 0, H = {0, H, 0} and the d e r i v -  
a t ives  with r e spec t  to y a r e  equal to zero, the wave 
desc r ibed  by Eq. (1) decomposes  into two independent ly  
propagat ing  pa r t s ,  one of which de sc r i be s  the expan-  
s ion waves, and the other  the shea r  waves [2]. A s i m -  
i l a r  decomposi t ion  is obse rved  when the finite,  but 
sma l l  conduct ivi ty  of the m e d i u m  is taken into account  
[3]. However, if the magne t i c  f ield l ies  in the plane of 
the d i sp lacement  vector ,  the expansion and shear  
waves a re  i n t e r r e l a t ed .  Fo r  the two nonzero  compo-  
nents  of the vec to r  u we have the equat ions  

( 2 C +  ;0 ~ ~ c ~ + (c + ~) ~ - - p u = " = o ,  

4x I 8z~ + 

(4) 

In this case 

0 H= {H, 0, 0}, u~ = 0, ~ = 0. 

Star t ing  f rom these  equat ions we will d e t e r m i n e  the 
f requency  of the su r face  magne toe las t i c  waves p rop -  
agat ing along the magnet ic  field. 

Let  the e las t ic ,  per fec t ly  conducting medium occupy 
the inf ini te  hal fspace  z < 0. The inf ini te  plane bounding 
this  m e d i u m  on one s ide  is  taken as the xy plane.  The 
magnet ic  f ield is d i rec ted  along the x axis and is non-  
zero only in the hal f  space occupied by the �9 
The solut ion of Eqs.  (4) is  r e p r e s e n t e d  in the fo rm 
exp [i(wt - kx) + yz)]. The condit ion of compat ib i l i ty  of 
the two homogeneous equations,  i. e . ,  zero d e t e r m i n -  
ant  of the sys tem,  gives  a b iquadra t ic  equation for  

aT 4+bq " s + c = 0 ,  a~-  ( 2 G +  X + q-~-a ] '  

b = k~ (a + X)"- [(2G 4- L) k 2 - -  p(0 2] a - - - - - - g - ~ -  - C + 

+ Ipco2 - -  k 2 ~H "~ 

, -T~/ j  [(2G + ~) M ~ p(o21, 

whose solut ion is 

h-~-_ L-Eg7,~ " - b + V b ~ -  ~ ~'~ 
TI = - -  2a --] ' 

7~ = ( - - b - -  
(nerl>O) 

2a -] (Re ~,_, > 0). 

TWO other  solut ions co r r e spond  to an inf ini te  in -  
c r e a s e  in the deformat ions  in the d i rec t ion  into the 
med ium.  When H = 0 

7r = V k ~ - - P o ) ~ / ( 2 G §  k), T 2 =  V k ~ - - P o ) ~ / G  ; 

in this  case  71 and 3'2 d e t e r m i n e  the dependence on z 
for  the longi tudinal  and t r a n s v e r s e  waves,  respec t ive ly ,  
[4]. Thus, the solut ion of sy s t em (4) has the fo rm 

u~ = ( Ae "~ + Be*'-'-)e*I~t-~) (.4, B ~- ~onst), 

( Aik~a (G 4- ~.) e v'z 
uz = \ p o t . - ~ 4 - ~ / ~ - ~ - q - ~  + ~1~ + 

BikT2 (G 4- k) e Y'z 1 el(~ 
+ pen'- - -  k'- (6 4- l/ar~H2l n) 4- a ~  / 

At the free surface the boundary condition 

r~ c t 2 Hi~) 0 (5) 

is sa t i s f ied .  Here,  n is the uni t  vec to r  along the 
n o r m a l  to the pe r tu rbed  sur face  of the medium,  gik ~ 
is the s t r e s s  t enso r  in the unpe r tu rbed  state,  which 
has only one component  azz ~ = 1/8(uH2/Tr). 

Subst i tu t ing {2) and (3) into (5) and taking into account 
that n k = bkz - VkUz, we wr i te  the boundary  condit ion 
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in t h e  l i n e a r  a p p r o x i m a t i o n  a s  f o l l o w s :  

P'H~ I Ou 0% 
( 6 + - ~ - - ~ -  + 6 - ~ -  = O, 

P "H2 ) OUz Ou x (6) 

Equating the determinant of system (6) to zero, we 
obtain an equation for the dependence of the frequency 
w on k: 

l- t - b y  
Tz' L1 --2~ + ( ~ - -  1 - - 2 v )  + 7~'~a ']x 

I- , ,~ [ 1 - -  2~ \ 2V)], 
x L a ~,~ ~ T )  - -  (~ -- ~ -- 

V 

~H~ a'  --  2 ( t - - z )  
v = s--EC, (l - - 2 ~ )  + 2v, 

b' -- ~ 2 (l - -  ~) ~ ]  x 
(1 - -  2z) '~ [ (1 - -  2~) 

i 2 ( 1 - - ~ )  , 2v] t - - 2 v ) ,  x L ~  ~ + ( ~ -  

(l - -  2~) j [ ~  - -  1 - -  2v].  (7) 

H e r e ,  e i s  P o i s s o n ' s  r a t i o ,  E q u a t i o n  (7) g i v e s  ~ a s  
a f u n c t i o n  of t h e  P o i s s o n ' s  r a t i o  cr and  t h e  d i m e n s i o n -  

l e s s  p a r a m e t e r  v. 

At v = 0 gq. (7) goes over into the equation for the Rayleigh sur- 
face wave velocity. We will determine the roots of expression (7) at 
o = 0.25, v = 1. By means of numerical calculation it is possible to 
convince oneself that in the region of real values Eq. (7) has two roots, 
which correspond to vibrations decaying at infinity. The first root 
mares the expression (b 'z - 4a 'c ' )  l/~ vanish and is equaI to gl = 0.6~8. 
In the region of values of ~ satisfying the condition (b 'z - 4a %') < 0 
expression (7) may be conveniently rewritten in the form 

x [~'~'~ ( ~ ) -  ( ~ - ~ - ~ ' ) ] }  = 0 

This equation is satisfied at ~z = 1.53. At values of ~ > ~2 the 
roots of Eq. (7) lead to purely imaginary solutions for 7z' and, conse- 
quently, the vibrations are sustained as z ~  - ~ .  Thus, along the mag- 
netic field two waves may be propagated with velocities 

~o~/k=  ~ l / - ~ / p .  ~ / k =  ~ .  

In this case the Rayleigh wave velocity (if o = 0.25, then ~ = 0.916 
for Rayleigh waves) lies in the interval between w J k  and ~ / k .  

We  w i l l  c o n s i d e r  two p e r f e c t l y  c o n d u c t i n g  e l a s t i c  

.med ia  w i t h  a p l a n e  i n t e r f a c e ,  w h i c h  i s  t a k e n  a s  the  
xy  p l a n e .  A s  b e f o r e ,  t he  m a g n e t i c  f i e l d  i s  n o n z e r o  

o n l y  in t he  h a l f - s p a c e  z < 0,  b u t  i s  n o w  d i r e c t e d  a l o n g  

t h e  y a x i s .  M e d i u m  2, w h i c h  o c c u p i e s  t h e  u p p e r  h a l f -  

s p a c e ,  m o v e s  r e l a t i v e  to m e d i u m  1 a t  v e l o c i t y  v a l o n g  

t h e  x a x i s .  We  wi l l  c o n s i d e r  a n  e l a s t i c  w a v e  a t  t h e  

i n t e r f a c e  b e t w e e n  t h e  two m e d i a ,  w h e n  t h e  d e r i v a t i v e s  
w i th  r e s p e c t  to  y a r e  e q u a l  to  z e r o  a n d  Uy = 0. W i t h  
t h e s e  a s s u m p t i o n s  t h e  s o l u t i o n  of  Eq.  (1) in r e g i o n  1 
i s  c o n v e n i e n t l y  f o u n d  in  t h e  f o r m  u = g r a d  q) + ro t ( j $ ) ,  

/.00 

0 .80  

o. 2~" 'F.5o. 

F i g .  ] 

w h e r e  t h e  f i r s t  t e r m  d e s c r i b e s  t h e  e x p a n s i o n  w a v e s  

a n d  t h e  s e c o n d  t h e  s h e a r  w a v e s .  F o r  t he  p o t e n t i a l s  ~o 

a n d  r we  h a v e  [2] 

pzqf" - -  (2G1 + Lz + z/d~H2 / ~) Aq~ = 0, 

o2 o2 
0 1 , " - a , A , = 0  (A=~.,+-sir~). (s) 

E q u a t i o n s  (8) m a k e  i t  p o s s i b l e  to  o b t a i n  t he  d i s p e r -  
s i o n  e q u a t i o n  f o r  t h e  w a v e s  a t  t he  i n t e r f a c e  a n d  to 

s t u d y  t h e  i n s t a b i l i t y  a s s o c i a t e d  w i t h  t h e s e  w a v e s .  T h e  
i n s t a b i l i t y  of r e l a t i v e  m o t i o n  of two e l a s t i c  m e d i a  in  

t h e  p r e s e n c e  of a m a g n e t i c  f i e l d  w a s  p r e v i o u s l y  e x -  
a m i n e d  in [5]. 

If the potentials r $ are found in the form 

(p = A'e~(w,t-x)+~,~z, ~ : B '  ei~(,v,t-':'~ -3,~ : ,  

t h e n  f r o m  (8) we o b t a i n  

wV~pt 
a l  ~ = .t - -  (2Gz-? Lz 4- lh~it '2/n)  

GI 

In order for the vibrations to damp in the direction 

into medium I, it is necessary that Re c~ I > 0, Re fil > 

> 0. Let a weak pressure perturbation of the form p = 

= 130 exp[ik(wl t - x)] develop at the interface. Then the 

constants A', B' are found from the following boundary 

c o n d i t i o n :  

S u b s t i t u t i n g  (2), (3) in  (9) a n d  t a k i n g  in to  a c c o u n t  

t h a t  nk  = 5kz  - Vk Uz, we w r i t e  t he  b o u n d a r y  c o n d i t i o n  

in  t h e  l i n e a r  a p p r o x i m a t i o n  a s  f o l l o w s :  

OU 
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8n / -~x + G1 ~ = [sic]. 

A f t e r  s i m p l e  c a l c u l a t i o n s  we c a n  o b t a i n  an e x p r e s -  
s i o n  f o r  the  d i s p l a c e m e n t  of  po in t s  on the  s u r f a c e  of 
m e d i u m  1 a long  the  z ax i s :  

u~a) = ~ h (w0, 

--(1-1- ~f~) [(I + ~2) + ~/s~H~] aG:l �9 (10) 

When H = 0 formula (i0)coincides with the corresponding expres- 
sion of [1]. Equating the denominator of (10) to zero, we obtain an 
equation for the frequency of the surface waves propagating on the 
f~ee surface at right angles to the magnetic field. For fixed values of 
the Poisson's ration o and the dimensionless parameter v this equation 
has only one root wl* satisfying the condition Re ax > O, Re 8~ > O. 
Figure 1 shows the quantity W* = w?/(G~/p)  ~/z as a function of o at 
v = 1. For comparison the same figure includes the analogous c~ve 
for v = O, which determines the velocity w~* of the Rayleigh surface 
waves as a function of Poisson's ratio. 

,y 1:~ " - I 
\, ', / /' 

... 

Fig .  2 

T h e  d i s p l a c e m e n t  Uz (2) f o r  m e d i u m  2 is  o b t a i n e d  
f r o m  Eq.  (10} in wh ich  the  m a g n e t i c  f i e l d  m u s t  be  s e t  
equa l  to z e r o  and wl r e p l a c e d  by  w2 = Wl - v. Thus ,  

Uz(~) = ~ / ~ .  (w:), 

G~ 4~,_, -- (1 + ~?)'~ ' 

c% 2 : t -- w22p~ / (2G 2 +k~) ,  

~2 ~ = i - - w ~ p 2  / G~. 

In t h i s  c a s e  Re c~ 2 < 0, Re  f12 < 0, s i n c e  m e d i u m  2 o c -  
c u p i e s  t he  h a l f - s p a c e  z > 0. 

F r o m  the  c o n d i t i o n  of e q u a l i t y  of  t he  d i s p l a c e m e n t s  
of s u r f a c e  po in t s  of m e d i a  1 and 2 we f ind  an e q u a t i o n  
f o r  the  r e l a t i o n  b e t w e e n  wi and k: 

G:-:/: (w:) = a~-V2 (w2), 
w ~ = w  r -  v .  (II) 

If an i n c o m p r e s s i b l e  p e r f e c t  f lu id  f l ows  o v e r  t he  

e l a s t i c  m a g n e t i z e d  m e d i u m ,  then  i n s t e a d  of  (11) we  

have the equation 

GVVI (w:) = -- w(2p2 -I 

When the complex velocity, determined in solving 
Eqs. (ll), has a negative imaginary part, the vibra- 

tions will increase with time, and the state of the 

system will be unstable. 
Letw i =al -ie, where0 < al < +co; then thefunc- 

tionfl on the complex plane/ gives a certain curve, 
whose form is represented in Fig. 2 by a solid 

line, The arrow indicates the direction to be followed 

around the curve as al increases from 0 to + ~o. The 

point A I corresponds to the value of the functionfl 
at  a l  = [P l - I (2G1 + Xi + ~H2/4~r] 1/2, and the  po in t  B 1 

to the  v a l u e  of  the  func t ion  a t  a l  = +~o. U n d e r  the  
t r a n s f o r m a t i o n  e f f e c t e d  by the  f u n c t i o n f z  a s t r a i g h t  
l i n e  p a r a l l e l  to t he  r e a l  ax i s  and d i s p l a c e d  t h r o u g h  an 
i n f i n i t e l y  s m a l l  d i s t a n c e  into t h e  l o w e r  ha l f  p l a n e  g o e s  
o v e r  into the  c u r v e  deno t ed  by  a d a s h e d  l i ne  in F ig .  2. 
T h e  a r r o w  i n d i c a t e s  the  d i r e c t i o n  to b e  f o l l o w e d  a r o u n d  
the  c u r v e  as  a2 v a r i e s  f r o m  -~o to +~o; in t h i s  c a s e  

when a2 c h a n g e s  s i g n  t h e  c u r v e  p a s s e s  f r o m  t h e  u p p e r  
to the  l o w e r  h a l f - p l a n e .  The  f o r m  of t h i s  c u r v e  is  e s -  
s e n t i a l l y  t he  s a m e  a s  tha t  p r e s e n t e d  in [1]. 

T h e  po in t s  A 2 and B2 c o r r e s p o n d ~ o  v a l u e s  of  t he  
func t i on  f 2  at  a 2 = -- ((2G 2 + k2)P2-i) 1/2 and a2 = -~o, 
r e s p e c t i v e l y .  The  i n t e r s e c t i o n  of the  so l i d  and 

d a s h e d  l i n e s  m e a n s  tha t  E q s .  (11) a d m i t  s o l u t i o n s  f o r  
t he  v e l o c i t y  wl h a v i n g  a n e g a t i v e  i m a g i n a r y  pa r t .  

If v = 0, then  a2 > 0 ( c o n s i d e r i n g  tha t  a2 = ai  - v) 
and f 2  g i v e s  on ly  tha t  p a r t  of the  c u r v e  l o c a t e d  in the  
l o w e r  ha l f  p l ane .  

T h i s  c o r r e s p o n d s  to Eqs .  (11) h a v i n g  a so lu t i on  
on ly  at  r e a l  v a l u e s  of Wl. If v ~ 0, then,  as  m a y  be  
s e e n  f r o m  F i g .  2, t he  d a s h e d  and s o l i d  l i n e s  m a y  
i n t e r s e c t ,  th i s  i n t e r s e c t i o n  o c c u r r i n g  when:  

(2) . a,  > ] / ( 2 G ,  + )., ~ 1 /4 , t / '  / ~) p,--:~ 

l a2 I >  V(2G2 -}- 1~_) p2-' .  

S ince  al  + ia2t = v, the  f i r s t  cond i t i on  c o r r e s p o n d s  
to s m a l l e r  v a l u e s  of  t h e  r e l a t i v e  v e l o c i t y .  If t he  i n t e r -  
s e c t i o n  o c c u r s  in t he  f i r s t  oc tan t ,  t hen  w* i < v < (w2* + 

I/2 �9 �9 * + (Gl /P l )  ; s i m i l a r l y ,  fo r  t h e  s e c o n d  o c t a n t  w2 < v < 
w l * +  (G2/p2)i /2 .  At v e l o c i t i e s  v < ra in  { w l * , w 2 *  } t h e r e  

a r e  on ly  r e a l  s o l u t i o n s .  In th i s  c a s e ,  in c o m p l e t e  c o r -  
r e s p o n d e n c e  wi th  [1], the  s o l u t i o n  is  d e t e r m i n e d  f r o m  a 

-O..f 

0.5 /0 

ar 

Fig. 3 
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g r a p h i c  c o n s t r u c t i o n .  F o r  t h i s  p u r p o s e ,  s t a r t i n g  f r o m  
the  f i r s t  of Eqs .  (11), we c o n s t r u c t  a g r a p h  of wl = 
-- F(w2), when  0 < a~ ] < (G2/P2) I/2, and on it  p lo t  the  

s t r a i g h t  l i n e  a 2 = a t - v.  
The  po in t  of  i n t e r s e c t i o n  d e t e r m i n e s  the so lu t ion  

(F ig .  3). At  v > v ,  t h e  so lu t i on  of  E q s .  (11) p a s s e s  
into the  r e g i o n  of  c o m p l e x  v a l u e s  of  w 1 h a v i n g  a n e g -  
a t i v e  i m a g i n a r y  c o m p o n e n t .  A s i m i l a r  a r g u m e n t  can  
a l s o  be  m a d e  f o r  n e g a t i v e  v a l u e s  of  a 1. We d e t e r m i n e d  
the  c r i t i c a l  v e l o c i t y  v .  f o r  two i d e n t i c a l  m e d i a  at ~ = 1 
and c- = 2 /7 ;  i t  was  found tha t  v .  = 1.78(G/p) ~/2. At  

= 0, in a c c o r d a n c e  wi th  the  r e s u l t s  of  [1], t he  c r i t -  
i c a l  v e l o c i t y  i s  e q u a l  to t w i c e  t he  R a y l e i g h  w a v e  v e -  
l oc i ty ,  i . e . ,  v .  = 1.85(G/p) 1/2. Thus ,  a t r a n s v e r s e  

m a g n e t i c  f i e l d  h a s  a l m o s t  no e f f e c t  on the  c r i t i c a l  

v e l o c i t y .  
T h e  a u t h o r  thanks  M. I. K i s e l e v  f o r  h i s  he lp fu l  

s u g g e s t i o n s .  
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